TRANSFINITE DIAMETER NOTIONS IN C N AND 
INTEGRALS OF VANDERMONDE DETERMINANTS 



T. BLOOM* AND N. LEVENBERG 

Abstract. We provide a general framework and indicate relations be- 
tween the notions of transfinite diameter, homogeneous transfinite di- 
ameter, and weighted transfinite diameter for sets in C . An ingredient 
is a formula of Rumely 19 which relates the Robin function and the 
transfinite diameter of a compact set. We also prove limiting formu- 
las for integrals of generalized Vandermonde determinants with varying 
weights for a general class of compact sets and measures in C . Our 
results extend to certain weights and measures defined on cones in R . 



1. Introduction. 

Given a compact set E in the complex plane C, the transfinite diameter 
of E is the number 

d{E) := lim max \VDM((i, Cn)) 1 ^) : = max TT {& - C/ /(3) - 
n->-ooCi,...,C n e-E Ci>-,CneE - L - L 

Kj 

It is well-known that this quantity is equivalent to the Chebyshev constant 
ofE: 

n~l 

T(E) := lim [mi{||p„|b : Pn{z) = z n + V c^}] 1 ^ 
n— >oo ^ — » 

i=i 

(here, ||p n ||_B := sup zgE and also to e~ p ^ where 

p(E) := lim [g E {z) - \og\z\] 

\z\^oo 

is the Robin constant of E. The function g E is the Green function of logarith- 
mic growth associated to E. Moreover, if w is an admissible weight function 
on E, weighted versions of the above quantities can be defined. We refer the 
reader to the book of Saff-Totik [20J for the definitions and relationships. 

For E C with N > 1, multivariate notions of transfinite diameter, 
Chebyshev constant and Robin-type constants have been introduced and 
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studied by several people. For an introduction to weighted versions of some 
of these quantitites, see Appendix B by Bloom in [20]. In the first part of 
this paper (section 2), we discuss a general framework for the various types 
of transfinite diameters in the spirit of Zaharjuta [23]. In particular, we 
relate (Theorem 2.7) two weighted transfinite diameters, d w (E) and 5 W (E), 
of a compact set E C using a remarkable result of Rumely [19] which 
itself relates the (unweighted) transfinite diameter d(E) with a Robin-like 
integral formula. Very recently Berman-Boucksom [2] have established a 
generalization of Rumely's formula which includes a weighted version of his 
result. 

In the second part of the paper (section 3) we generalize to some 
results on strong asymptotics of Christoffel functions proved in [8] in one 
variable. For E a compact subset of C, w an admissible weight function 
on E, and [i a positive Borel measure on E such that the triple (E, w, /i) 
satisfies a weighted Bernstein-Markov inequality (see (|3.5p ). we take, for each 
n = 1, 2, a set of orthonormal polynomials <ft , qlC^ with respect to the 
varying measures w(z) 2n dfi(z) where degq^ = j — 1 and form the sequence 
of Christoffel functions K n {z) := ££ =1 \qf \z)\ 2 . In [8] we showed that 

(1.1) -K n (z)w(z) 2n dn(z) -> d^Jz) 
n H 

weak-* where /j,™ is the potential-theoretic weighted equilibrium measure. 
The key ingredients to proving (jl.ip are, firstly, the verification that 

(1.2) lim Z]!^ = 8 W {E) 
where 

(1.3) Z n = Z n (E,w,(j,) := 

[ \VDM(Xx, A n )|\;(Ai) 2n • • • W (A n ) 2n d/i(Ai) • • • d^{X n ); 
JE n 

and, secondly, a "large deviation" result in the spirit of Johansson [16j . We 
generalize these two results to C , N > 1 (Theorems 3.1 and 3.2). The 
methods are similar to the corresponding one variable methods and were 
announced in [8], Remark 3.1. In particular, 5 W (E) is interpreted as the 
transfinite diameter of a circled set in one higher dimension. We also discuss 
the case where E = V is an unbounded cone in M> N for special weights 
and measures. Some of our results were proved independently by Berman- 
Boucksom [2]. 

We end the paper with a short section which includes questions related 
to these topics. We are grateful to Robert Berman for making reference [2] 
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available to us. The second author would also like to thank Sione Ma'u and 
Laura DeMarco for helpful conversations. 

2. Transfinite diameter notions in C N . 

We begin by considering a function Y from the set of multiindices a € 
to the nonnegative real numbers satisfying: 

(2.1) Y(a +0)< Y(a) ■ Y((3) for all a, p € N N . 

We call a function Y satisfying (|2.ip submultiplicative; we have three main 
examples below. Let ei(z), ej(z), ... be a listing of the monomials {e^z) = 
z a(i) _ z ai . . . z atN | j n i nc [ exec i us i n g a lexicographic ordering on the 
multiindices a = a(i) = (a%, ...,ajv) £ N N , but with degej = \a(i)\ nonde- 
creasing. We write \a\ := Ylf=i a j- 
We define the following integers: 

(1) ml = rrid := the number of monomials eiiz) of degree at most d in 
./V variables; 

(2) /ij = hd '= the number of monomials ej(z) of degree exactly <i in 
N variables; 

(3) = la : = the sum of the degrees of the irid monomials e{(z) of 
degree at most d in N variables. 

We have the following relations: 



(2.2) m ?> ft ™ -n^.^.^-j+i 
and 

( 2 .3) .r" —j": c=«("t0=O- d " ! ™ 

The elementary fact that the dimension of the space of homogeneous poly- 
nomials of degree d in N + 1 variables equals the dimension of the space of 
polynomials of degree at most d in N variables will be crucial in sections 4 
and 5. Finally, we let 

r d N ^ = r d := dh^ = d(m d N ^ - m^) 

which is the sum of the degrees of the hd monomials e{(z) of degree exactly 
d in N variables. We observe that 



N 

k=l k=l 
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Let K C C N be compact. Here are our three natural constructions asso- 
ciated to K: 

(1) Chebyshev constants: Define the class of polynomials 

Pi = P(a(i)) := {e i {z)+Y i c j e j {z)}; 

j<i 

and the Chebyshev constants 

Yi(a) :=mi{\\p\\ K : P €Pi}. 

We write t a> K '■= t a (i),K f° r a Chebyshev polynomial; i.e., t a ^K € 
P(a(i)) and = Y\(a). 

(2) Homogeneous Chebyshev constants: Define the class of homogeneous 
polynomials 

pf ) = P ( H )(a(i)) := {e t (z) + £ c 3 e 3 (z)}; 

j<i, deg(ej)=deg(ej) 

and the homogeneous Chebyshev constants 

Y 2 {a) :=inf{||p||* : p € P}^}. 
We write t a ^ := t^i ^ for a homogeneous Chebyshev polynomial; 

i.e., € pW(a(i)) and || K = y 2 (a). 

(3) Weighted Chebyshev constants: Let to be an admissible weight func- 
tion on K (see below) and let 

Y 3 (a) := mf{\\w la(i)l p\\ K := sup {\w{z)^p(z)\ : p € PJ 

be the weighted Chebyshev constants. Note we use the polyno- 
mial classes p as in (1). We write t^ K for a weighted Chebyshev 

polynomial; i.e., t^ K is of the form w a ^p with p G P(a(i)) and 

H^lk = ^3(a). " 

Let E denote the standard (iV — 1)— simplex in R^; i.e., 

N 

Z = {6 = (e 1 ,...,9 N )eR N :J2°j = 1 , 9j>0, j = l,...,N}, 

3=1 

and let 

S° := {6 £ S : 0,- > 0, j = l,...,iV}. 

Given a submultiplicative function Y(a), define, as with the above examples, 
a new function 

(2.5) r(a) :=y(a) 1 /H. 
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An examination of lemmas 1, 2, 3, 5, and 6 in [23] shows that (|2.1f) is the 
only property of the numbers Y{a) needed to establish those lemmas. That 
is, we have the following results for Y : N w — » IR + satisfying (|2.ip and the 
associated function r(a) in (|2.5p . 

Lemma 2.1. For a// G S°, i/ie Zimii 

T(Y,#): = lim Y(a) 1/H = lim r(a) 
a/|a|-»0 a/|a]->0 

exists. 

Lemma 2.2. T/ie function 9 — > T(Y,9) is log-convex on S° (and hence 
continuous). 

Lemma 2.3. Given b E <9E, 

liminf T(Y,0) = liminf r(a(i)). 

0^b, 0e£° i^oo, a(i)/\a(i)\->b 

Lemma 2.4. Lei := a(k)/\a(k)\ for k = 1, 2, ... and Ze£ Q be a compact 
subset of T, . Then 

limsup{logr(a(fc)) - log T(Y (9 (k))) : |a(fc)| = a, 9{k) £ Q} = 0. 

|a|— >oo 

Lemma 2.5. Define 

t{Y) :=exp[ ^— / logT(y,0)d0] 

TTien 

lim T~ ^ logr(a) = log r(Y); 

|a|=d 

i.e., itsing < [g. 5|) . 

I l/dh d 

ll ' 1 < i) 

d— >oo 



lim[nn«)] V ^= r(y). 
a]=d 



One can incorporate all of the Y(a)'s for |a| < d; this is the content of 
the next result. 



Theorem 2.6. We have 

I l/i<i 

ll ; i i i i 

d— *oo 



lim [ J | ^"(o)] d exists and equals t(Y). 

a\<d 



Proof. Define the geometric means 

r° d := [\\ r(a)) l/h ^ d=l,2,... 
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The sequence 

log if, log if, ...(n times),..., log t%, log T%,...(r d times),... 

converges to logr(V) by the previous lemma; hence the arithmetic mean 
of the first I a = Ylt=i r k terms (see (|'2.4|) ) converges to log t(Y) as well. 
Exponentiating this arithmetic mean gives 

(2.6) (U(T° k y^ = (n n T ^ k ) 1/la = ( n Y ^) l/ld 

k=l fc=l|a|=fc \a\<d 

and the result follows. □ 

Returning to our examples (l)-(3), example (1) was the original setting 
of Zaharjuta [23J which he utilized to prove the existence of the limit in 
the definition of the transfinite diameter of a compact set K C C^. For 
^-..CnGCMet 

(2.7) VDM(d, Cn) = det[ ei (0)]M=i,..,n 

ei(Ci) ei(C2) ••• ei(Cn) 
= det : : • . . : 

_ e n (Ci) e n (( 2 ) ■ ■ ■ e n (Cn) 

and for a compact subset K C let 



V n = V n (K):= max \VDM(( U ...,( n )\. 
Ci,...,CneK 



Then 



(2.8) d(K) = Jim V%} 

a— >oo 



d 



is the transfinite diameter of K; Zaharjuta [23] showed that the limit exists 
by showing that one has 

(2.9) d(K) = exp[ 3—-/ logr(K,9)de] 

L meas(S) j s o 

where t(K,0) = r(Yi,0) from (1); i.e., the right-hand-side of ([2JJD is t{Y x ). 
This follows from Theorem 12.61 for Y = Y\ and the estimate 

(U(r° k Y-) 1/ld < Vtf* < (m d !)^(n (T °)^ 

k=l k=l 

in [23] (compare ()2.6fl ). 

For a compact circled set K C C^; i.e., z € K if and only if e^z £ K, <j) £ 
[0, 2tt], one need only consider homogeneous polynomials in the definition of 
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the directional Chebyshev constants r(K, 9). In other words, in the notation 
of (1) and (2), Y\(a) = Y 2 (a) for all a so that 

T(Yi,9) = T(Y 2 , 9) for circled sets K. 

This is because for such a set, if we write a polynomial p of degree d as 
p = Sj=o Hj where Hj is a homogeneous polynomial of degree j, then, from 
the Cauchy integral formula, < HpHa - , j = 0,...,d. Moreover, a 

slight modification of Zaharjuta's arguments prove the existence of the limit 
of appropriate roots of maximal homogeneous Vandermonde determinants; 
i.e., the homogeneous transfinite diameter d^ H \K) of a compact set (cf., 
[15j). From the above remarks, it follows that 

(2.10) for circled sets K, d(K) = d {H) (K). 

Since we will be using the homogeneous transfinite diameter, we amplify the 
discussion. We relabel the standard basis monomials {e\ H ' d \z) = z a ^ = 
z^ 1 ■■■z'^ N } where \a(i)\ = d, i = l,...,hd, we define the d— homogeneous 
Vandermonde determinant 

(2.11) yZ)MF d ((Ci,...,a d ):=det[eP' d) (0)] M=li ... ihd - 
Then 

(2.12) S&(K) = lim [ max \VDMH d fa, Ch d )\] ^ 

is the homogeneous transfinite diameter of K; the limit exists and equals 

exp[ ^— / logT(Y 2 ,9)d9] 

L meas(z J ) J s o 

where T(Y 2 ,9) comes from (2). 

Finally, related to example (3), there are similar properties for the weighted 
version of directional Chebyshev constants and transfinite diameter. To 
define weighted notions, let K C be closed and let w be an admis- 
sible weight function on K; i.e., w is a nonnegative, use function with 
{z G K : w(z) > 0}. Let Q := — logu> and define the weighted pluricomplex 
Green function V£ q(z) := limsup^^ Vk,q(Q where 

Vk,q{z) ■= sup{u(z) : u G L(C N ), u < Q on K}. 

Here, L(C N ) is the set of all plurisubharmonic functions u on with 
the property that u{z) — log \z\ = 0(1), \z\ — > oo. If K is closed but not 
necessarily bounded, we require that w satisfies the growth property 

(2.13) \z\w(z) — > as \z\ — > oo, z G K, 

so that Vk,q is well-defined and equals VKnB R ,Q for i? > sufficiently large 
where Br = {z : \z\ < R} (Definition 2.1 and Lemma 2.2 of Appendix B in 
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[20j). The unweighted case is when w = 1 (Q = 0); we then write Vk for 
the pluricomplex Green function. The set K is called regular if Vk = V K ; 
i.e., Vk is continuous; and K is locally regular if for each z G K, the sets 
A' n B(z, r) are regular for r > where r) denotes the ball of radius r 
centered at z. We define the weighted transfinite diameter 

d w (K):=exp[ L- - / logr™(#,0)d0] 

meas^zjj J s ° 

as in [9] where t w (K,9) = T(Y^,9) from (3); i.e., the right-hand-side of this 
equation is the quantity t(Y 3 ). 

We remark for future use that if {Kj} is a decreasing sequence of lo- 
cally regular compacta with Kj j K, and if Wa is a continuous admissi- 
ble weight function on Kj with Wj { w on K where w is an admissible 
weight function on K, then the argument in Proposition 7.5 of [9j shows 
that linij^oo T w ^(Kj,e) = t w (K,6) for all 9 G S° (we mention that there is 
a misprint in the statement of this proposition in [9j) and hence 

(2.14) lim (Ti{Kj) = (T{K). 

In particular, (|2.14p holds in the unweighted case (w = 1) for any decreasing 
sequence {Kj} of compacta with Kj [ K; i.e., 

(2.15) lim d{Kj) = d{K) 

(cf., [9] equation (1.13)). 

Another natural definition of a weighted transfinite diameter uses weighted 
Vandermonde determinants. Let K C be compact and let w be an ad- 
missible weight function on K. Given d, Q n G K, let 

W((i, Cn) := VDM(Ci, CXCi) |aWI • • • ^(Cn) |aWI 
ei(Ci) e i(C2) ••• ei(Cn) 



det 



K n )l . . . in(r \\ a ( n )\ 



e n (Ci) e n (C2) ••• e n (Cn) 
be a weighted Vandermonde determinant. Let 

(2.16) W n := max \W(Ci, •-, Cn)| 

Cl,...,CnGA' 

and define an n—th weighted Fekete set for K and w to be a set of n points 
(i, ...,(n G AT with the property that 



|W(Cl,...,Cn)| = sup \Wfa, -,Zn) 



Also, define 



(2.17) 5 W (K) :=limsupW^ 



d 

m d ■ 
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We will show in Proposition ^, ll that lim^oo Wm\ d (the weighted analogue 
of (|2.8p ) exists. The question of the existence of this limit if N > 1 was raised 
in [9]. Moreover, using a recent result of Rumely, we show how S W (K) is 
related to d w {K): 

(2.18) 5 W (K) = [exp (- / Qidd^gf)] 1 ^ ■ d w {K) 

Jk 

where {dd c V^ q) is the complex Monge- Ampere operator applied to V£ q. 
We refer the reader to [17] or Appendix B of [20] for more on the complex 
Monge- Ampere operator. 

We begin by proving the existence of the limit in the definition of 5 W (E) 
in (|2.ip for a set E C C N and an admissible weight w on E (see also [2]). 

Proposition 2.1. Let E C C N be a compact set with an admissible weight 
function w. The limit 

5 W (E) := lim [max \VDM(X {1) , A (m ^))| • w(X {1) ) d ■ ■ ■ ^(A^M V 1 ™ 
exists. 

Proof. Following [6J, we define the circled set 

F = F{E,w) := {(t,z) = {t,t\) G C^ +1 : A G E, \t\ = w(X)}. 

We first relate weighted Vandermonde determinants for E with homogeneous 
Vandermonde determinants for F. To this end, for each positive integer d, 
choose 

(JV) (N + d\ 

(recall (Q) points z®)} , (N) = {(t^UX®)} m in F and 

form the d— homogeneous Vandermonde determinant 

We extend the lexicographical order of the monomials in C N to C N+1 by 
letting t precede any of Zi, zjv. Writing the standard basis monomials of 
degree d in C^ +1 as 

{t d -Jel H > d \z):j = 0,...,d; k = 1, h 3 }; 

i.e., for each power d — j of t, we multiply by the standard basis monomials 
of degree j in C^, and dropping the superscript (N) in mj , we have the 
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d— homogeneous Vandermonde matrix 



t t 



(*«) 



t 



m d 
d 



m d 



J m d)\d 
Z N ) 



Factoring tf out of the i— th column, we obtain 

VDMH d ((t u zW), (t md ,z^)) =tf---t d ma - VDM(X&, A^)); 
thus, writing \A\ := | det >1| for a square matrix A, 



(2.19) 



-id +d 
l l l 2 
f d-l(l) .d-1 J2) 



(4 2j ) 



4.d-ll m d) 

h m d *\ 



( m d)\d 
N ) 



\h\ d ---\t 



m d \ 



where Xj = z^ /tj provided tj ^ 0. By definition of F, since (ti,z^) 
(ti,tiX^) G F, we have \U\ = w(X^) so that from (gjgj) 

VDMH d {{t u z^l...,{t md ,z^)) 

= V DM{X {1 \ ...,X^) ■ w(X^) d ■ ■ ■ w{X^) d . 



(2) 



A!' 



A 2 )\d 



{™-d)\d 

N > 



Thus 



max \VDMH d ((h, (t md ,^))| 
(t;,zW)eF 



max 

Note that the maximum will occur when all tj = w(X^) > 0. As mentioned 
in section [3] the limit 



lim [ max \VDMH d ((t 1} 2 (1) ), (t md , 
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exists |15j : thus the limit 

lim [max \VDM{X {1 \ A (md) )| • w(X W ) d ■ ■ ■ w(X {md) ) d ] V #° :=5 W (E) 

exists. □ 

Corollary 2.1. For E C a nonpluripolar compact set with an admissible 
weight function w and 

F = F(E, w) := {(t, z) = (t, tX) G C N+1 : X G E, \t\ = w(X)}, 
(2.20) S w (E) = S- H) (F) = d(F) ^ . 

Proof. The first equality follows from the proof of Proposition 12.11 using the 
relation 

m _ , n (n+x) 
l d -^ N + i> dh d 

(see ([ZI])). The second equality is (121(11) . □ 

We next relate 5 W (E) and d w (E) but we first recall the remarkable formula 
of Rumely [19]. For a plurisubharmonic function u in L(C N ) we can define 
the Robin function associated to u: 

Pu(z) '■= lim sup [u(Xz) — log( | A |)] . 

|A|— >oo 

This function is plurisubharmonic (cf., [5], Proposition 2.1) and logarithmi- 
cally homogeneous: 

p u (tz) = p u (z) + log |i| for t G C. 

For u = Vg q (Vg) we write p u = pe,q (pe)- Rumely's formula relates pe 
and d(E): 



N-l 



(2.21) -\ogd(E) = -[f pE(l,t2,...,t N )(dd c p E (l,t2,...,t N )) 
+ I p E (0, 1, t 3 , ...,t N )(dd c PE (0, 1, t 3 , ...,t N )) N ~ 2 

+ •••+ / PE(0,:,0,l,tN)(dd c p E (0,:,0,l,t N ) + PE(0,..,0,l)]. 
Jc 

Here we make the convention that dd c = ^(2idd) so that in any dimension 
d=l,2,..., 

f (dd c u) d = l 
Jc d 

for any u G L + (C d ); i.e., for any plurisubharmonic function u in C d which 
satisfies 

Ci + log(l + \z\) < u(z) <C 2 + log(l + \z\) 
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for some C\ , C2 ■ 

We begin by rewriting (12.21H for regular circled sets E using an observa- 
tion of Sione Ma'u. Note that for such sets, V£ = p E := max(y9E,0). If 
we intersect E with a hyperplane 7i through the origin, e.g., by rotating 
coordinates, we take H = {z = {z\, z^) G : Z\ = 0}, then E n Tt is a 
regular, compact, circled set in C^ -1 (which we identify with Ti,). Moreover, 
we have 

PHnE(z2, zn) = Pe(0, z 2 , z N ) 

since each side is logarithmically homogeneous and vanishes for (22, £jv) G 
d(H n E). Thus the terms 



p E {0, l,t 3 , ...,t N )(dd c p E (0,l,t 3 , ...,t N )) 

C N-2 



N-2 



+ ■■•+ / p E {0,..,0,l,t N )(dd c p E (0,..,0,l,tN) + ps(0,.,0,l) 
Jc 

in ()2.2ip are seen to equal 

(N-i)(f N ^(nnE) 



(where we temporarily write d cN 1 to denote the transfinite diameter in 
C^ -1 for emphasis) by applying (I2.21D in C^ -1 to the set TLnE. Hence we 
have 



(2.22) -\ogd(E) = ±- [ PE{l,t2,-,t N ){dd c p E {l,t2,-,t N )) N - 1 



+(^)[-io g d^-\nnE)]. 

Theorem 2.7. For E C a nonpluripolar compact set with an admissible 
weight function w, 

(2.23) 5 W {E) = [exp (- / Q(dd c V^ Q fp N ■ d w (E). 

Proof. We first assume that E is locally regular and Q is continuous. It is 
known in this case that Ve,Q = Ve q ( c f-j IS], Proposition 2.16). As before, 
we define the circled set 

F = F(E, w) := {(t, z) = (t, t\) G C^ 1 : A G E, \t\ = 10(A)}. 

We claim this is a regular set; i.e., Vf is continuous. First of all, Vp(t, z) = 
max[pF(t, z), 0] (cf., Proposition 2.2 of [6J) so that it suffices to verify that 
pp(t,z) is continuous. From Theorem 2.1 and Corollary 2.1 of [6], 

(2.24) V e ,q(X) = P f(1,X) onC N 
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which implies, by the logarithmic homogeneity of p F , that p F (t,z) is con- 
tinuous on C N+1 \ {t = 0}. Corollary 2.1 and equation (2.8) in [6] give 
that 

(2.25) PF (0, A) = pe,q(X) for X e C N 

and pe,q is continuous by Theorem 2.5 of [9]. Moreover, the limit exists in 
the definition of Pe,q'- 

PE ,q{\) := limsup[^ iQ (tA) - log \t\] = lim [V E:Q (t\) - log \t\}; 

\t\->ao \t\-*oo 

and the limit is uniform in A (cf., Corollary 4.4 of [TT]) which implies, from 
(|2.24p and (12.250 . that lim t ^o p F (t, A) = p F (0,X) so that p F (t,z) is contin- 
uous. In particular, 

V e ,q(X) = Q(X) = p F (l, A) on the support of (dd c V E , Q ) N 

so that 

'C\r i \\\N _ I „ (-1 \\/JJC„ /i \\\N 



(2.26) Q(X){dd c V E , Q (X)) N = PF (l,X)(dd c p F (l,X)Y 

JE ' JC N 

On the other hand, E™ := {X £ C N : pe,q(X) < 0} is a circled set, and, 
according to eqn. (3.14) in [9j, d w (E) = d(E™). But 

Pe,q(X) = lim sup[Ve,q(*A) - log \t\] 

\t\^oo 

= limsup[/9F(l, tX) — log \t\] = lim sup pp(l/t, A) = p F (0, A). 

t|^oo |i I — >CXD 

Thus 

e™ = {x e c N : PF (o, A) < o} = f n n 

where H = {(t, z) E C w+1 : t = 0} and hence 

(2.27) d w (E) = d(E™) = d(FnH). 
From (|2T22l applied to F C C JV+1 , 

(2.28) -logd(F) = _l- /" PF (l,A)(dd c PF (l,A)) JV 
Finally, from (|230l) . 

(2.29) <5™(£) = d(F)^; 

putting together ([2^6]) . (fL2T\\ . (1^28|) and (I2T291) gives the result if E is 
locally regular and Q is continuous. 

The general case follows from approximation. Take a sequence of locally 
regular compacta {Ej} decreasing to E and a sequence of weight functions 
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{wj} with Wj continuous and admissible on Ej and Wj [ w on E (cf., Lemma 
2.3 of [6J). From (l2~Til) we have 

(2.30) lim (T^EA =d w (E). 

Also, by Corollary 12.11 we have 

(2.31) 8 w i{E j ) = d{F j ) E 7r 
where 

Fj = Fj(Ej, Wj ) = {(t(l, X) :XeEj, \t\ = Wj(X)}. 
Since Ej + % C Fj and Wj+i < Wj, the sets 

Fj = Fj(Ej,Wj) = {(t(l,A) : A € F i; |t| < Wj(X)} 

satisfy F+i C Fj and hence 

d(F i+ i) = d(F i+1 )<d(F i ) = d(F i ). 
Since Fj [ F, we conclude from (12.15R and <|2.31|> that 

(2.32) lim 5 w i(Ej) = 5 w (E). 

j— >oo 

Applying (|2.23p to Fj , lOj , Qj and using (|2.30p and (|2.32[) , we conclude that 

f Qj(dd c V Ej ,Q 3 ) N - f Q(dd c Vi Q ) N , 
JEj je 

completing the proof of (|2.23|) . □ 



3. Integrals of Vandermonde determinants. 

In this section, we first state and prove the analogue of an "unweighted" 
generalization to of Theorem 2.1 of [8] as it has a self-contained proof. 
We first recall some terminology. Given a compact set E C and a 
measure v on E, we say that (E, v) satisfies the Bernstein-Markov inequality 
for holomorphic polynomials in if, given e > 0, there exists a constant 
M = M(e) such that for all such polynomials Q n of degree at most n 

(3-1) \\Q n \\ E <M(l + e) n \\Q n \\ L 2 (u) . 

Theorem 3.1. Let (E,fj.) satisfy a Bernstein-Markov inequality. Then 

,(N) 



lim Z^ 21 " = d{E) 



where 



(3.2) 



Z d = Z d (E,n) := 
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{N , \VDM(X^,..., \ m d N) )\ 2 dv{\ {1) ) • ■ ■ d/i(A m ^'). 

lE' n d 

Proof. Since VDMfa, &,) = de%(0)] i,j=i,...,n for any positive integer 
n, if we apply the Gram- Schmidt procedure to the monomials e\, ...,e (n) 

to obtain orthogonal polynomials q\, ...,q (jv) with respect to \i where qj G 

m d 

Pj has minimal L 2 (fi)— norm among all such polynomials, we get, upon 
using elementary row operations on 7DM((i,...,( (jvj) and expanding the 

m d 

determinant (cf., p3] Chapter 5 or section 2 of [8]) 
(3.3) 

(JV) 
m d 

|yDM(c 1) ...,C m w)l 2 ^Ci)---^(C w w) = mf ) ! n 

Let E -P(a) be a Chebyshev polynomial; i.e., ||ia,js||s = Y\{a). Then 
Theorem 12.61 shows that 



hm(JT \\t a , E \\ E y /ld =t(Y 1 ) 
l— >oo 

|a|<d 



since 

limrf'!) 1 ^ 1 = i. 
Zaharjuta's theorem f)2.9f) shows that t(Y±) = d(E) so we need show that 
(3.4) Jim ( J] \\t a , E \\ E f lld = lim ( J] \W*\\»V)Y' ld ■ 

\a\<d \a\<d 

This follows from the Bernstein-Markov property. First note that 

from the L 2 (fi)— norm minimality of q a ; then, given e > 0, the Bernstein- 
Markov property and the sup-norm minimality of t at E give 

\\ta,E\\E < ||?a||fi < M(l + e) |a| ||g a || L 2 (At) 

for some M = M(e) > 0. Taking products of these inequalities over \a\ < d; 
taking 1^— th roots; and letting e — > gives the result. This reasoning is 
adapted from the proof of Theorem 3.3 in [7j. □ 

A weighted polynomial on E is a function of the form w(z) n p n {z) where 
p n is a holomorphic polynomial of degree at most n. Let \x be a measure 
with support in E such that (E, w, fj) satisfies a Bernstein-Markov inequality 
for weighted polynomials (referred to as a weighted B-M inequality in [6]): 
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given e > 0, there exists a constant M = M(e) such that for all weighted 
polynomials w n p n 

(3-5) \\w n P n\\E < M(l + e) n \\w n p n \\ L 2 M . 

Generalizing Theorem 13.11 we have the following result. 

Theorem 3.2. Let (E, w, fj,) satisfy a Bernstein- Markov inequality \S.5\) for 
weighted polynomials. Then 

1/21 {N) 

a—>oo 

where 

(3.6) Z d = Z d (E,w^):= f (N) \VDM(X^ , X^)\ 2 X 

JE m d 

w{X^) 2d ■ ■ ■ w{X (m( " N ^) 2d df,(xW) ■ ■ ■ d^X^f^). 

The proof of Theorem 13.21 follows along the lines of section 3 of [8] . Let 
E C be a nonpluripolar compact set with an admissible weight function 
w and let /x be a measure with support in E such that (E,w,/j>) satisfies a 
Bernstein-Markov inequality for weighted polynomials. The integrand 

\VDM (AW, A( m ^))| 2 • w(X^) 2d ■ ■ ■ w(X^) 2d 

in the definition of Z d in (13. 6p has a maximal value on E m d whose 1/2/^ 
root tends to 5 W (E). To show that the integrals themselves have the same 
property, we begin by constructing the circled set F C C^ +1 defined as in 
section 4: 

F = F(E, w) := {(t, z) = (t, tX) G C^ 1 : A G E, \t\ = w(X)}. 

We construct a measure is on F associated to \i such that (F, v) satisfies the 
Bernstein-Markov property for holomorphic polynomials in C N+l ; i.e., (|3.ip 
holds. Define 

v := m\ ® fj,, X G E 

where m\ is normalized Lebesgue measure on the circle \t\ = w(X) in the 
complex t— plane given by 

C x :={(*, *A) eC N+1 :teC}. 

That is, if <f> is continuous on F, 

(f>(t,z)dv(t,z) = / [/ 4>(t,tX)dm x (t)]dfi(X). 

Je Jc x 

Equivalently, if tt : C N+l — > via ir(t,z) = z/t : = A, then tt^{v) = \i. 
The fact that (F, v) satisfies the Bernstein-Markov property follows from 
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Theorem 3.1 of [6]. Moreover, if pi(t, z) and pi(t,z) are two homogeneous 
polynomials in C N+1 of degree d, say, and we write 

Pj (t, z) = Pj (t, tX) = t d Pj (l, A) =: t d G 3 (\), j = l,2 

for univariate Gj, then it is straightforward to see that 

(3.7) f Pl (t,z)p^z)du(t,z) = [ G!(A)GOT^(A) M ^(A) 
Jf Je 

(cf., [6], Lemma 3.1 and its proof). Note that if 

p{t, z) = fz a = fz* 1 ■■■z% N 

with \a\ = ai H 1- ocn = d — i, then 

p(t, z) = t d {z/t) a = t d G{\) = t d ■ A? 1 • • • \% N 
where G(A) = X a = A? 1 ■ ■ ■ \% N ■ 
Proposition 3.1. Let 



(N) 



\VDMH d ((h,z^),...,(t TO ,.K 



d^ tl ,z^).--d^t {N) ,z^ N) y) 



Then Z d = Z d where m d 



Z d 



{N) ~- i N d d ) and ( recaU 



|FZ>M(AW,...,A( m d iV) ))| 2 x 



(N) 



w(\V) 2d ■ ■ ■ w(X^) 2d d^) ■ ■ ■ ^(aK")). 

Proof. Recall from section 2 that the d— homogeneous Vandermonde deter- 
minant VDMH d ((t!,zW), ...,(t r 



Jm 



(jv) , z y ""i ))) equals 



det 



,d 

'■2 



t° 



Expanding this determinant in Z d gives 



Z d = J>(I) -a(S)[ f ^- des(e - ) e , 1 (^ 1 ))?f defl(e - ) esi (^W)^(ii^ (1) ) 
i,s Jf 



d-deg(ei ) 

t dp. 

1 (AO C * (AT) 



d— d eg(e a ,. n ) 



F m d 



(N) 
^d 
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where I = i (jv) ) and S = (si, s (at)) are permutations of (1, ...,m d N ^] 

m d m d 

and cr{I) is the sign of / (+1 if / is even; —1 if / is odd). Expanding the 
ordinary Vandermonde determinant in Z& gives 

Z d = 5>(J) • a(S) [ [ e il (A«)e Sl (A( 1 ))u;(A( 1 )) 2 %(A( 1 )) • • • 
i,s Je 

Je m d m d 
Since \tj\ = w(X^'), using (|3.T|) completes the proof. □ 

We need to work in <C N+1 with the integrals and verify the following. 
Proposition 3.2. We have 

Hm ~ L/<' = d(H){F y 
n^oo 

Proof. Fix d and consider the Tn d monomials 

,d j-d-l d 

1,1 Z\, , Z N , 

utilized in VDMH d ((h, *W ),..., (t n , z^)). Use Gram-Schmidt in L 2 {v) 
to obtain orthogonal homogeneous polynomials 

q[ H \t, z) = t d , 4 H \t, z) = t d ~ l Zl + ■ ■ ■ , ?W (t, *) = 4 + .... 

m d 

Then 

FDMF, ( (h , zd) ),..., (t m vn , ^ ))= det (t 3 , ^...^W- 
By orthogonality, as in (|3.3|) . we obtain 

z d-m d 111^ || L 2 (iy) ---||g (JV) || L 2 (y) . 

Note that from ([12]) and ([13]) (m^!) 1 / 2 ^^ -> 1 as d -> cxd. Now from 
Lemma 12.51 we have 

Jim ( II ll&lFf^ = r&) = r(*i) = dW(F). 

a — >oo 

\a\=d 

Thus we need to show that 

(An 

d 

V I TT ll+Wll .. / -tt ., (H) u \l/dm { d N) 



d— +oo ' d— >oo 

|et|=d i=l 
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This is analogous to (|3.4p in the proof of Theorem 13.11 and it follows in 
the same manner from the Bernstein-Markov property for (F, v) and the 

minimality properties of t^ F and qf 1 . □ 

Combining Propositions 13.11 and 13.21 with equation (12.201) and the second 
equation in (12. 3D completes the proof of Theorem 13.21 □ 
As a corollary, we get a "large deviation" result, which follows easily from 

(N) 

Theorem 13.21 Define a probability measure V d on E m d via, for a Borel set 

(AT) 

A C E m d , 

V d {A) := -1 / \VDM( Zl , ...,z {N) )\ 2 w( Zl ) 2d ■ ■ -w(z (N) ) 2d d»{ Zl ) ■ ■ ■ dfi(z w ). 
Proposition 3.3. Given rj > 0, define 

(AT) 

A d , ri :={(z 1 ,...,z {N) ) eE^d : 

m d 

\VDM{z l ,... J z m[N) )\Mzi? d ---w{z n ) 2d >{5 w (E)- V )^}. 

d 

Then there exists d* = d*(rj) such that for all d > d* , 

W m ^\^)<(l-^yf d - 

Proof. From Theorem 13.21 given e > 0, 

Z d >[5 w (E)-e] 21 * 

for d > d(e). Thus 

V d {E m * N) \A d „ 



1 



w |VDM(zi,...,z (N ) )\ 2 w(z 1 y d ---w(z n y d d^(z 1 )---d^(z w ) 

Z d JE m d \A d>v m d ^ 

[5 W (E) — rj\ 2ld 
~ \5 W {E) - e} 21 " 

if d > d(e). Choosing e < n/2 and d* = d{e) gives the result. □ 

Finally, we state a a version of (11.21) for V an unbounded cone in 'R N with 
T = intr. Precisely, our set-up is the following. Let R(x) = R(x%, ...,xjv) be 
a polynomial in TV (real) variables x = (x%, ...,xjv) and let 

(3.8) d(j,(x) := \R(x)\dx = \R(x\, ...,XN)\dx\ • ■ ■ dxN- 
Next, let w(x) = exp(—Q(x)) where Q(x) satisfies the inequality 

(3.9) Q(x) > c|x| 7 
for all x £ T for some c, 7 > 0. 
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Theorem 3.3. Let S w :=supp(dd c Vr,Q) N where Q is defined as in $3.9\) . 
With jj, defined in jlS. 8\) . 

l/2l {N) 

lim Z'J 21 * = 5 W (S W ) 

d— >oo 

where 

(3.10) Z d = Z d (T,w,»):= f {N) \VDM(X^,...,X^)\ 2 x 

Jr m d 

w(X^) 2d ■ ■ ■ w(X^) 2d d^) ■ ■ ■ d^X^\ 

Remark. The integrals considered in Theorem 13.31 may be considered as 
multivariate versions (i.e., with a multivariable Vandermonde determinant 
in the integrand rather than a one- variable Vandermonde determinant) of 
integrals of the form 

\VDM(X\, X d )\ 2 e~ dQ(Xl) ■ ■ ■ e- dQ ^dX 1 ■ ■ ■ dX d 

considered in [14] . Chapter 6, arising in the joint probability distribution of 
eigenvalues of certain random matrix ensembles. They are also multivariate 
versions of Selberg integrals of Laguerre type (cf., [18], equation (17.6.5)) 
which, after rescaling by a factor of d, are of the form, for T = [0, oo) C M 
and a > 0, 



P d 

/ \VDM{X U X d )\ 2 e~ d ^ ■ ■ • e-^(TT Xf)d\ x ■ ■ ■ dX d . 



Proof. We begin by observing that 



(3.11) VDM(X {1 \ A^')) 2 . w (X^) 2d ■ ■ ■ w{X im * N)) ) 2d 

(the integrand in A3. 10f> with the absolute value removed from the VDM) be- 
comes, if all but one of the m d N ^ — 1 variables are fixed, a weighted polynomial 
in the remaining variable. Since w{x) is continuous, by Theorem 2.6 in Ap- 
pendix B of [20], a weighted polynomial attains its maximum on S w C T. 

(JV) (JV) 

Hence the maximum value of (|3.1ip on T m d is attained on (S w ) m d . Since 
S w has compact support (cf., Lemma 2.2 of Appendix B of [20J), we can take 
T > sufficiently large with S w C T D B T where B T := {x £ R N : \x\ < T} 
and 

5 w (s w ) = 6 w (rnB T ). 

We need the following result. 
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Lemma 3.4. For all T > sufficiently large, there exists M = M(T) > 
with 

W^pWl 2 ^) < M\\w d p\\ L 2 {rnBTifl) 
if p = p(x) is a polynomial of degree d. 

Proof. By Theorem 2.6 (ii) in Appendix B of [20], we have 

\w(x) d p{x)\ < \\w d p\\s w e d{Vr ' Q{x) - Q{x)) 

for all x G I\ Since Vt,q € L(C N ) and Q(x) > c|x| 7 for x € T, there is a 
Co > with 

\w(x) d p(x)\ < \\w d p\\ Snj e- Cad ^' 
for all x £ V n By for T sufficiently large. Hence 

lh d p||L2(r» < lk d p||L2(rns T ,M) + kAlk, / e^ ^ 7 ^)^. 

Jrn{\x\>T} 

Now (r n Bt, (J.) satisfies the Bernstein-Markov property (|10j. Theorem 
2.1); thus by [6] Theorem 3.2, the triple (T C\ Bt , w , fi) satisfies the weighted 
Bernstein-Markov property. Thus, given e > 0, there is M\ = M\(e) > 
with 

\\w d P \\ Sw = \\w d p\\rnB T < Afxa + e^Hw/Vll^m^). 
A simple estimate shows that 

I e - Cod W y \R(x)\dx<e- c ' d 

J\x\>T 

for some c' > 0. The result now follows by choosing e sufficiently small. □ 

We now expand the integrands in the formulas for Zd(T) := Zd(T, w,n) 
and inZrf(rn-Br) '■= Zd(rr\BT,w\rnB T , n\rnB T ) as a product of L 2 — norms 
of orthogonal polynomials as in (j3.3|) . and then proceed as in the proof of 
Corollary 2.1 in section 5 of [8] to conclude that 

lim Z^Y) 1 ' 21 ^ = lim Z d (T n Bt) 1 / 21 ^ = 5 W (T n B T ) = 5 W (S W ). 

d^oo d— >oo 

□ 



4. Final remarks and questions. 

In this section we discuss some further results in the literature and pose 
some questions. Recall from section 2 that a d—th weighted Fekete set for 
E C and an admissible weight w on E is a set of points , Cm] £ 
E with the property that 

\W(( 1 ,...,(m d )\= SUp \W^ 1: ...,U d )\ 
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where W is defined in (|2.16j) . In [9] the authors asked if the sequence of 
probability measures 

-, m d 

fi d :=—T<Cf ] >, d=l,2,..., 

where < z > denotes the point mass at z and {Ci^) Cm]} is a d— th 
weighted Fekete set for E and w, has a unique weak-* limit, and, if so, 
whether this limit is the Monge- Ampere measure, jJ£ q := {dd c V^ Q ) N . From 
the proof of Proposition 12.11 a d— th weighted Fekete set for E and w corre- 
sponds to a d — th homogeneous Fekete set for the circled set 

F = F(E, w) := {(t, z) = (t, tX) G C^ 1 : X £ E, \t\ = w(X)}; 

i.e., a set of = fry points in i 7 which maximize the corresponding 
homogeneous Vandermonde determinant (|2.1ip for F. From Theorem 2.2 
of [6], to verify this conjecture for E 1 C and an admissible weight w it 
suffices to verify it for homogeneous Fekete points associated to circled sets 
in C* +1 . 

Suppose now that \i is a measure on E such that (E, w, fj) satisfies a 
Bernstein-Markov inequality for weighted polynomials. Define the probabil- 
ity measures 

pL d {z) :=±R{ d \z) W (zf d d^z) 



where Zd is defined in f|3.6|> and 

(4.1) Rf\z):= f \VDM(X {1 \ \(" ld ~ 1 \z)f 



w{X^) 2d ■ ■ ■ w(X {md ^) 2d d^(X {1) ) ■ ■ ■ dn^™*- 1 )). 
We observe that with the notation in (|4.ip and (|3.6|) 

r>{d)/ \ -. m d 



where q^f \ ...,qm d are orthonormal polynomials with respect to the mea- 
sure w(z) 2d dfi(z) forming a basis for the polynomials of degree at most d. 
To verify (|4.2p . we refer the reader to the argument in Remark 2.1 of [8]. 

Forming the sequence of Christoffel functions Kd(z) := Y^=\ |<zj OOP) m 
[8] Theorem 2.2 it was shown that if N = 1 then /-i d (z) — > fJ-'f q (z) weak-*; 
i.e., 

(4.3) — # d (zWz) 2£ Wz) -» ^(ar) weak-* . 
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We conjecture that (14.3)) should hold in for N > 1. To this end, we 
remark that if E = D where D is a smoothly bounded domain in it 
follows from the proof of Theorem 1.3 in pQ that \i eq := (dd c V^) N = c(x)dx is 
absolutely continuous with respect to W N — Lebesgue measure dx on D; and 
if n(x) = f{x)dx is also absolutely continuous, then a conjectured version of 
(|4.3p in the unweighted case w = 1 is 

—K d (x)f(x) -> c(x) on D. 
m d 

Bos ([12j, [13]) has verified this result for centrally symmetric functions f(x) 
on the unit ball in W N and Xu [22] proved this result for certain Jacobi- 
type functions f(x) on the standard simplex in R . For further results on 
subsets of R 1 , see references [10], [13], [15]-[17] in [8j. Berman ([3] and @]) 
has shown that if w = e~® is a smooth admissible weight function on 
(recall (12.130 ). then [if q := (dd c V£ N q) = c(z)dz is absolutely continuous 

with respect to C^— Lebesgue measure dz on the interior I of the compact 
set {z € C N : V c n jQ (z) = Q(z)} and 

— K d (z)Q(z) d -» c(z) a.e. on /. 
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